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Definition: Derivative of a function f(x) with respect to x is f'(z) given by

f/(SU) _ }Lli% f(x + h}zj B f(ZE) (1>
f'(a) = i "= )

Theorem 1. If f(x) is differentiable at a then f(z) is continuous at a

Proof. Since f(xz) is differentiable at z = a, the limit defined by equation [2] exists.

fa) = fa) = =000
tim ) f(a)) = (PO =LD 0 —a
-l = Dm0
Since lim(z — a) = 0
lin(f(x) — £(a)) = £/@) <0 =0 )
lin f(2) = lm{f(@) + (o) — (o)
— lim(f(a) + £() — f(a)
~ tim (a) + lim{(+) — f(a)
Using equation
= lim fla)+0

= f(a)
= lim f(z) = f(a)

Since lim f(x) = f(a), the function f(z) is continous at a O
r—a



Derivative of sum and difference of two functions.

y=f(x) £ g(x)

Proof.

dy S+ h) = ga+h) — f() F o))

dx h—0 h
i JE ) (@) % gl + ) F g(2))

h—0 h

o fle+h) = fl@) L gla+h) —g(x))
= h + Jim h
=f'(z) £4'(z

y = cf(x)
Proof.
dy _ i cx f(x+h)—cx* f(x)
dr  h>0 h
o S - @)
h—0 h
=cx* f'(z)
= d_y =cx* f'(z)
dx
Derivative of a constant function.
y=flz)=c
Proof.
flx+h)— f(z)
/ —
fiz) = lim h
_ c—c
o h
= 1lim0
h—0
= f'(v) =



Power Rule We are going to derive the power rule using Binomial Theorem (a + b)" =

2o (R)a" " = b

y=u
Proof.

N S Y

= m h

Expand (x + h)"using Binomial Theorem

n n—k k
= lim (n) uf‘h
h—0 — k

’ x"—{—n*x”*l*hjtwlm"”*iﬂjt... +nxxxh" P4+ h" — 2"
= lim '

h—0 h
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=nxax" 140

= f'(x) =nxa"!

O
Product Rule
y = f(z)g(z)
Proof.
dy e+ hge+h) — [(@)g(e)
dr  h—0 h
_ iy @Ry +h) — fa+ h)g(x) + flz + h)g(w) — f(z)g(2)
h—0 h
o fG D)+ h) — g@) + g() (e + B) — F())

= lim flx+h)(g(z+h)—g(z))

h—0 h h—0 h

(z+h) — g()
h

=i 4 ) i
— @) (@) + (@) (2)
= Y= j@)g @)+ o) (@)



Quotient Rule

Proof.




Chain Rule
y = fog(z)
Proof.
dy _ . Flgle+ 1) = flg(@)

dx h—0 h

In the above equation we need to replace f(g(x+h)) in terms of f(x) and g(x).
So let$ consider the derivation of inner function g(x) and outer function f(x)

gz +h) —g(x)

()= fim
h) —
g@+; %w_ﬂ@%O%h%O
glth)—g(@) _ v 0
'U(.l’) — { h g (3’)), x 7é
07 Tr =
Hath=f@) _ 0
Similarly, w(z) = fi(w), x#
0, =0

From and (6]
9@+ ) = g(2) + (¢/(2) + v(@))h
Flo+ k) = f(@) + (@) + )k
Using (7)) and (8), we can write f(g(x+h) as

)
flg(x +h)) = fg(x)) + (f'(9(z)) + w(x))(g'(x) + v(x))h
where x=g(x) and k=(g’(x)+v(x))h in f(x+k)

Using @[) in
dy _ . Jole+h) — flo(a)
dr  h—0 h
i J06) + (F9(a) + (@) (') + (@))h = f(g(2))
h—0 h
i U0(0) + w(@) (@) + ()b
h—0 h

— lim ((g(0)) + (@) lim (' (z) + o(2))
v(z) = 0 and w(z) - 0 as h — 0
= (f'(g(z)) +0)(¢'(x) +0)

= U~ Pl + ¢ @)



Derivative of Exponential function. The derivative of e* can be found in different ways.
I like using the expansion series of e* to find its derivative,

> 2 ad
_1 24t
;: R R it

| 8

Proof.

= — = lim
X h—0 h
ez-l—h e
= lim
h—0 h
kel —e7
= lim
h—0 h
. ef(eh —1)
= lim
h—0 h
b eh—1
=e” lim
h—0 h

Expanding e
(1+h+02/20+ 833+ R4+ ) =1

= ¢” lim
h—0 h
| 2 /9] 374!
e pyy PO R/204 B304 B4+ )
h—0 h

=" lim (14 h/2! + h? /3! + K3 /41 4 ..) — 1
h—0
=e" %1
dy
7

:eit

Note. It can be seen from the above proof that
h—1
lim &~ =1
h—0
where e is a unique number for which this limit equals 1. O



Inverse Rule This rule will be very useful to evaluate the derivative of a function when
its inverse function’s derivative is known. Consider a function f(x) whose inverse function

is f~!(x) and we know that f~1(f(z)) =z or f(f ' (z)) =2

Proof.
y=rf"(x)
fly) ==
f (y)y' = 1 Using chain rule
y =
f'(y)
B 1
f(f(x))
d 1
= —(f2) = ——+ 10
)= ) 1o
L]
Derivative of Logarithmic function.
y = log(x)
log(x) is the inverse function of e®. Using e” in ({10]) we find the derivative of log(x)
Proof.
d 1
E(Zog(l')) = clog(@)
We know that €9®) = ¢
1
oz
d 1
2 I
= 2 (tog(a)) =
]



Trignometric Basic Before finding the derivative of trigonometric functions, we shall find
the value of the following functions, f(z) = éirr(l) %@ and f(x) = éir% %ﬁ)_l, which will be
— —

useful in evaluating the drivative of trigonometric functions.

Proof. To evaluate this we use Squuze Theorem. What we try to do is squuze the arc AC
between ABC and straight line AC

arcAC < |AB| + |BC|

Extend AB to meet OC at D



http://en.wikipedia.org/wiki/Squeeze_theorem

= arcAC < |AB|+ |BD| = |AD|

arcAC < |AD|
AD
Also,tan(f) = OA

AD = tan(f) x 1
= arcAC < tan(0)

Length of arc AC is given by

arcAC = |OA|f
arcAC =0
Usingand,
0 = arcAC < tan(0)
0 < tan(0)
sin(0)
b < cos ()
cos(f) < sme(ﬁ)

Next, in the above diagram add lines AC and CE perpendicular to OA

D
o

B

oy [ A
1 E

(11)

(12)



|CE| < |AC| < arcAC
|CE| = sin(6)|0C]|

|CE| = sin(0)
Using in

sin(0) < arcAC

sin(0) < 6

sin(6)

1
9 <

From in

cos(0) <sm0(¢9) <1 ,where 0 <0 <7/2

Also ,limcos(#) =1 and lim1 =1
0—0 0—0

sin(0)

So, by squeeze theorem lim =
v 0—0+t 0

sin(—0)  —sin(0)

Since sin(x) is odd function , i
~ sin(0)
0
(0
So, we can say lim sin(6) =1
0—0— 0
= lim sin(9) =1
0—0
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Jlw) =t ———— =0
Proof.
lim cos(f) — 1  lim (cos(f) — 1)(cos(0) + 1)
60 0 650 6(cos(0) + 1)
cos*(0) — 1
=lim —————
60 0(cos(0) + 1)
—sin?(6)
et l _—
630 0(cos(f) + 1)
— lim sin(0) —sin(0)
-0 0 (cos(f)+1)
— lim sin(0) i —sin(0)
60 0 60 (cos(f) + 1)
=1x%0
~ lim cos(0) — 1 _0
-0 6
Derivative of sin(x).
y = sin(x)
Proof.
dy _ lim sin(z + h) — sin(x)
dx h—0
_ cos(x)sin(h) + sin(x)cos(h) — sin(x)
5 h
_ cos(x)sin(h) + sin(x)(cos(h) — 1)
5 h
~ im cos(x)sin(h) +lim sin(x)(cos(h) — 1)
h—0 h h—0 h

m(h h)—1
= lim cos(x) lim sin(h) + lim sin(z) lim M
h—0 h—0 h h—0 h—0 h

= cos(x) * 1 + sin(x) % 0

d
= % = cos(x)
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Derivative of cos(x).

y = cos(x)
Proof.
dy .. cos(x+h)— cos(x)
dr 15
. cos(x)cos(h) — sin(x)sin(h) — cos(x)
- l111—>0 h
_ }Zim cos(x)(cos(h) — ;L) — sin(x)sin(h)
—0
— im cos(z)(cos(h) — 1) +lim sin(z)sin(h)
h—0 h h—0 h
cos(h) —1 , sin(h)

i os() iy 51— — i i) iy

= cos(x) % 0 — sin(x) * 1

= ﬁ = —sin(x)
Derivative of tan(x).
y = tan(z)
Proof.
tan(z) — sin(x)
cos(x)

Using quotient rule

dy _ cos(z)cos(x) — sin(z)(—sin(z))

do cos®(x)
_ cos®(z) + sin*(x)
B cos®(x)
B 1
cos®(x)
= Z—z = sec?(z)
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Derivative of csc(x).

y = csc(x)
Proof.
1
csel) = sin(x)

Using quotient rule
dy _ sin(z) * 0 — 1(cos(z))
dr sin?(x)

e —csc(x)cot(x)
Derivative of sec(x).
y = sec(x)
Proof.
1
sec(z) = cos()

Using quotient rule
dy  cos(x)*0— 1(—sin(r))

dx cos?(x)
_ sin(x)
cos®(x)
sin(x) 1




Derivative of cot(x).
y = cot(x)

Proof.

cos(x)
sin(x)

cot(x) =

Using quotient rule
dy _ sin(x)(—sin(z)) — cos(x)(cos(x))

dx sin?(x)
_ 1= (sin?(z) + cos?(x))
sin?(x)
-1
sin?(x)
= j—i = —csc* ()

Derivative of arcsin(x).
y = sin~ ()

Proof.

Using chain rule
sin(y) =«

d
cos(y)ﬁ =1

dy 1
dr  cos(y)
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Derivative of arccos(x).

y = cos ' (z)
Proof.
Using chain rule
cos(y) =x
dy
I A
sin(y) %
dy 1
de  —sin(y)
B —1
1 — cos?(y)
dy —1
= 4 - -
dr /1 —2a?
[
Derivative of arctan(x).
y = tan"*(z)
Proof.
Using chain rule
tan(y) =«
d
2
27
sec™(y) 5
dy 1
A 18
dr  sec?(y) (18)
1
2 —
sec”(y) = cos2(y)
2 .2
sec?(y) = cos”(y) + sin*(y)
cos?(y)
Sec2<y) — COSQ(@/) Sin2<y)
cos*(y) ~ cos*(y)
sec®(y) = 1 + tan®(y)
Using this in (18)
dy 1
dr 1+ tan?(y)
dy 1
= < =
de 1422
0
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Derivative of arccsc(x).
y = csc ()

Proof.
cse(y) = x
1 —
sin(y)
—cos(y) dy 1
sin?(y) dx
dy sin®(y)

N )
(1/x)?
1—(1/x)?

B 1
dy 1 B 1
dx % 2 — 1 v — 1

Derivative of arccsc(x).
y = sec” ()

Proof.
sec(y) = x
1 —
cos(y)
sin(y) dy |
cos?(y) dx
dy  cos*(y)

dx 1 — cos?(y)
(1/x)*
Nen:

- 1
2 xigl
dy 1 1
= — = 3 =
dr /2?2 —1  |z|vVa? -1

|z
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Derivative of arccot(x).

= cot!(x)
Proof.
cot(y) =x
cos(y) .
sin(y)
—(sin*(y) + cos*(y)) dy _1
sin*(y) dx
dy —sin?(y)

dz ~ sin?(y) + cos?(y)

_ _1/sin2(y) + cos?(y)

sinly)
B 1
1+ cot?(y)
dy 1
= 2 - __ -
dx 1+ 22

17



